In this article, we discuss the Poincaré center-focus problem of some cubic differential systems by using a new method (Mironenko's method) and obtain some new sufficient conditions for a critical point to be a center. By using this method we not only solve a center-focus problem, but also at the same time, we open a class of differential systems, which do not have to be polynomial differential systems, with the same qualitative behavior at the critical point.
Introduction and preliminaries
Consider the cubic system where a i (θ ) and b i (θ ) (i = , , , . . . , n) are polynomials in cos θ and sin θ . By [-], we know that the origin (, ) of (.) is a center, if and only if equation (.) has a center at r = , i.e., all the solutions nearby r =  are π -periodic. As usually, we often apply the method of Lyapunov and Poincaré to study center-focus problem. A new technique recently developed by Christopher and Sadowskii and others. Polynomial ideals and invariant algebraic curves are sought and appropriate Dulac functions constructed [-] . But for high-order polynomial systems and general planar systems, to give the center conditions is very difficult. Necessary and sufficient conditions are known for very few classes of systems. There are well-known conditions for quadratic systems and the problem has been resolved for systems in which P and Q are cubic polynomials without quadratic terms and other some particular forms. In this paper, we will apply the Mironenko's (reflecting function method) method to study the Poincaré centerproblem of the certain cubic differential systems which are in the general form. Now, we simply introduce the concept of the reflecting function, which will be used throughout the rest of this article.
Consider the differential system x = X(t, x) t ∈ I ⊂ R, x ∈ D ⊂ R n ,  ∈ I , (  .  ) which has a continuously differentiable right-hand side and general solution φ(t; t  , x  ).
Definition . For system (.), F(t, x) := φ(-t, t, x)
is called its reflecting function [] .
By this, for any solution x(t) of (.), we have F(t, x(t)) = x(-t), F(, x) = x and F(t, x) is a reflecting function of system (.) if and only if it is a solution of the Cauchy problem

F t + F x X(t, x) + X(-t, F) = , F(, x) = x. (  .  )
Theorem . ([]) If system (.) is ω-periodic with respect to t, and F(t, x) is its reflecting function, then T(x) := F(-ω, x) is the Poincaré mapping of (.) over the period [-ω, ω], and the solution x
= φ(t; -ω, x  ) of (.) defined on [-ω, ω
] is ω-periodic if and only if x  is a fixed point of T(x).
From this theorem, we know that if system (.) and its reflecting function F(t, x) are ω-periodic with respect to t, then all the solutions of (.) defined on [-ω, ω] are ω-periodic.
Definition . If the reflecting functions of two differential systems coincide in their common domain, then these systems are said to be equivalent [] .
is the reflecting function of (.), then one system is equivalent to (.) if and only if this system can be expressed as follows:
where G(t, x) is an arbitrary vector function such that the every solution of the system (.) is uniquely determined by its initial conditions.
All the equivalent ω-periodic systems have a common Poincaré mapping over the period [-ω, ω] , and the qualitative behavior of the periodic solutions of these systems are the same. By this one can study the qualitative behavior of the solutions of a complicated system by using a simple differential system [] .
There are many papers which are also devoted to investigations of qualitative behavior of solutions of differential systems by help of reflecting functions [-].
Mironenko's method [] was introduced and applied to the study of Poincaré centerfocus problem in [] , in which the author has stated in detail how to apply this method to calculate the focus quantities and derive the center conditions and use the reflecting function of a particular differential system to study the qualitative behavior of the periodic solutions of its equivalent systems. In this paper we observe that any differential equation that takes the form of (.) has an analytic reflecting function and the calculation can be carried out easily. Thus by Mironenko's method, the center-focus problem of a wide range of systems that are equivalent to (.) can be solved automatically. To be more specific, we will study the center-focus problem of some cubic differential systems (.) by looking for the rational reflecting function of (.). We will give a set of new sufficient conditions under which the critical point of (.) is a center. Meanwhile, we discover a class of differential systems, which is equivalent to (.) but not necessarily polynomial, with the same character at its critical point.
i is a reflecting function of one differential system, then n = , i.e.,
is a reflecting function of one differential system, P, Q are relatively prime polynomials
i is a reflecting function of one differential system, by [], we
is a reflecting function of one differential system, by [], we get
it implies P|p n xQ n . Since (P, Q) =  and p  = , so P|p n , i.e., n = , this is contradiction with
which yields P|q m Q m , as (P, Q) = , so P|q m , i.e., n = , this is contradiction with n ≥ .
Thus m = n. Case . If m = n, from (.), we get
For the coefficients of the degree n  +  of x on both sides of (.) we havē
by this we get
which implies P|(p n x -q n )Q n , and soP|Q n . As, (P, Q) = , thus ∂P = , and ∂P = , i.e., n = . The proof is completed.
By Lemma ., to seek the analytic rational reflecting function of (.), only need to search the reflecting function in the form of
. Thus, in this paper, we are interested in when the differential equation (.) has such reflecting function, and how to apply these reflecting functions to study the centre-focus problem of the cubic system (.) and their equivalent systems.
In the following, all the differential systems have been discussed which have a continuously differentiable right-hand side and have a unique solution for their initial value problem in a neighborhood of the origin.
Main results
Now, let us consider the general cubic system
where a ij , b ij (i, j = , , , ) are constants.
Setting x = r cos θ , y = r sin θ in (.), we obtain
where
where C := cos θ , S := sin θ .
In the following, we
is the reflecting function of (.), if and only if
and f  = , f  = . Therefore, r =  is a center of (.).
Proof By equation (.), we know F = f  (θ ) + f  (θ )r is the reflecting function of (.), if and only if
Taking r = , it implies that
By the uniqueness of solutions for initial value problems of the above differential equation, it yields f  (θ ) = . Substituting it into (.) we have
Equating the coefficients of the same power of r on both sides of (.), we obtain (.). So, F = r is the reflecting function of (.). By Theorem ., all the solutions of (.) nearby r =  are π -periodic, thus, the r =  is a center.
Applying Theorem . we have the following.
Corollary . If all the conditions of Theorem . are satisfied, then for the equation
dr dθ = b  + b  r  + a  r + a  r  r  + G(θ , r) -G(-θ , r), r =  is a center. Here G(θ , r)
is an arbitrary continuously differentiable vector function and such that G(θ
It is not difficult to prove the following lemma by using the method of mathematical induction.
Lemma . If i+j=n a ij cos
Here a ij are constants.
then the cubic system (.) has a center at (, ).
Proof Since the even part of an odd function is equal to zero, using (.) and the first relation of (.) and Lemma . we get
Using the second relation of (.) and simplifying we obtain
Applying the third relation of (.) and Lemma . we have
By the fourth relation of (.) and simplifying, we get
It follows from (.)-(.) that equation (.) is true. Thus, it follows that equation (.) holds. Due to Theorem ., F = r is the reflecting function of (.), by Theorem ., the origin point (, ) of (.) is a center. Thus, the proof is finished.
Simplifying equation (.), we can get the equivalent theorem as following.
Theorem . The origin point (, ) of the cubic system (.) is a center, if a  = a  =  and one of the following conditions is satisfied:
From Theorem . , the origin point (, ) is a center of system (.), if it can be expressed in one of the following forms:
is a reflecting function of (.), if and only if,
is the reflecting function of (.), if and only if
Taking r =  in (.) we get
By the uniqueness of solutions for initial value problems of the above differential equation, it yields β  (θ ) = . Substituting it into (.) and equating the coefficients of the same power of r on both sides of (.), we obtain
)-(.) and simplifying, it follows equation (.) is true. From above we know F = r +α(θ)r is the reflecting function of (.), so F(-π, r) = r is equivalent to α(-π)r = , it implies if α(-π) = , r =  is a center, if α(-π) = , r =  is an unique π -periodic solution of (.).
Thus, the proof is completed.
Applying Theorem ., we get the following corollary.
Corollary . If all the conditions of Theorem . are satisfied, then for the equation
dr dθ = b  + b  r  + a  r + a  r  r  + ( + αr)  G(θ , r) -G -θ , r  + αr , r =  is a
center. Here G(θ , r) is an arbitrary continuously differentiable vector function and such that G(θ , ) -G(-θ , ) = .
Theorem . Suppose that a  =  and one of the following conditions is satisfied
(.)
Then the origin point (, ) is a center of the cubic system (.).
Proof Applying Theorem . and equation (.), we know
As the even part of the odd function is equal to zero, using (.) and Lemma ., from the first relation of (.) we get
Using the second relation of (.) and Lemma ., we obtain 
Substituting (.) and (.) into (.), we obtain (.), too. Using the above relations and simplifying (.)-(.) we have
Computing the third relation of (.) and using the above relations we get
Applying the fourth relation of (.) and Lemma ., we get 
Considering (.) and using Theorem . and Theorem ., the conclusion of the present theorem is true and the proof is finished.
Remark  Under the conditions (.), the system (.) with a  =  can be expressed as follows:
and this cubic system has a center at (, ). Here a  , a  , a  , a  , a  are arbitrary constants.
Remark  Under the conditions (.), the system (.) with a  =  can be expressed as follows: and this cubic system has a center at (, ). Example  Consider the cubic system
Remark 
It is easy to check that, for this system the condition (.) is satisfied, so the point (, ) is a center. Taking x = r cos θ , y = r sin θ , (.) becomes
and it has a reflecting function F = has a center at (, ).
